Silver nanoparticles (AgNPs) are well known to exhibit antimicrobial effects through plausible interactions with proteins and/or deoxyribonucleic acid inside the bacteria. Yet a quantitative understanding on the antimicrobial activities of AgNPs remains obscure. Here we conducted in-depth kinetic growth assays and colony-forming unit (CFU) assays on Escherichia coli (E. coli) cultured in AgNPs or Ag ion-containing growth media. Compared to the Ag-absent culture medium, it was found that the growth rate of the bacteria remained unaffected but the lag time of the bacterial growth was extended due to the presence of AgNPs or Ag ions. From the CFU-based time-kill curves, we observed that fractions of E. coli were killed exponentially in the presence of AgNPs or Ag ions. Based on the experimental data, a quantitative model was established to describe the antimicrobial activity of AgNPs. The predictions from this model agree well with the experimental results. We also showed that the parameters in our model as well as their dependence on the concentrations of Ag and bacteria could, in turn, be determined experimentally.
Introduction
Nobel metals, especially silver (Ag), have long been used as antimicrobial agents, dating back as far as ancient Greece, the Roman Empire and Egypt. 1 More recently, colloidal metal nanoparticles have been shown to signicantly suppress the growth of bacteria (reviewed in Durán et al. 25 ). The antimicrobial effect of metal nanoparticles opens a new avenue to ghting against drug resistance of microbes, which has been a severe concern to public health. [26] [27] [28] [29] In fact, Ag has been included in many healthcare products that are commercially available. 30 While some studies reported that metal nanoparticles did not result in obvious resistance in bacteria aer long-term exposure to them, 12, 24 others found the opposite: Agresistant or metal nanoparticle-resistant bacteria can occur in a variety of circumstances and environments. [31] [32] [33] [34] To help to avoid overdose and unnecessary exposure of these nanomaterials, it is important to understand the antimicrobial mechanism of metal nanoparticles.
Much effort has been made and various methods have been exploited to investigate how the metal nanoparticles suppress the growth of, or kill, bacteria. 3, 5, 7, 20, 23, 24 It has been found that the shape, size, and surface modications of metal nanoparticles play important roles in their antimicrobial activities. 2, 12, 15, 23, 24 Descriptive models have been proposed to explain how metal nanoparticles suppress the growth of bacteria. 7, 11, 22, 24 Despite the exciting progresses, little quantitative understanding on the antimicrobial mechanism of metal nanoparticles exists, leaving many basic questions unclear and thus hindering further antimicrobial applications of these nanoparticles. In addition, difficulties currently exist for quantifying the antibiotic activities of metal ions and nanoparticles.
In this work, we focused on developing a quantitative understanding on the antimicrobial activities of silver nanoparticles (AgNPs) and silver ions (Ag ions) using kinetic growth assays and colony-forming-unit (CFU) assays in combination with quantitative modelling. We investigated the kinetic growth curves of Escherichia coli (E. coli) with AgNPs or Ag ions in the growth media, which showed that the growth rate of the bacteria was not affected but the lag time of the bacterial growth was elongated in the presence of AgNPs or Ag ions. In addition, CFU assays and time-kill curves were used to monitor the killing kinetics of bacteria in the presence of AgNPs or Ag ions. Based on these experimental observations, we developed a quantitative model to describe the antibacterial activity of AgNPs. Our model explains the experimental results very well. Furthermore, we quantied the dependence of the parameters in our model on the concentrations of Ag and bacteria experimentally. As an alternative to the minimum inhibitory concentration (MIC) values, our model and its parameters allow us to characterize the antimicrobial activities of Ag ions and AgNPs quantitatively.
Methods and materials

Synthesis and characterization of AgNPs
Synthesis of AgNPs. The AgNPs were synthesized by the polyol method. 35 Briey, 50 mL ethylene glycol (EG, J. T. Baker) was added to a 250 mL round-bottom ask equipped with a stirring bar and placed in an oil bath at 150 C. Aer the temperature equilibrated (30-45 min), EG solutions of 0.6 mL of 3 mM NaHS (Alfa Aesar), 5 mL of 3 mM HCl (Alfa Aesar), 12.5 mL of 0.25 g poly(vinylpyrrolidone) (PVP, M W ¼ 55 000, Sigma-Aldrich), and 4 mL of 282 mM silver triuoroacetate (AgTFA, Alfa Aesar) were sequentially added to the reaction ask. Once the LSPR peak reached $430 nm ($35 min aer addition of AgTFA), the reaction was quenched in an ice bath. Upon cooling, the product was collected by adding acetone to the reaction solution at a ratio of 5 : 1 and centrifuging at 6000 rcf for 10 min. The resulting pellet was puried twice with H 2 O, collected by centrifugation at 20 000 rcf for 10 min, and resuspended in 10 mL of H 2 O for future use. Characterization of AgNPs. Transmission electron microscopy (TEM) images were captured using a TEM microscope (JEOL JEM-1011) with an accelerating voltage of 100 kV. The hydrodynamic diameter and zeta potential of AgNPs were determined using a dynamic light scattering (DLS) instrument (Brookhaven ZetaPALS). The zeta potential was measured in 1 mM KCl solution at pH ¼ 7. The X-ray powder diffraction (XRD) pattern was obtained by an X-ray diffractometer (Rigaku MiniFlex) equipped with Cu Ka radiation source operated at 30 kV/15 mA. The concentration of metals was determined using a ame atomic absorption (AA) spectrometer (GBC 932). UV-vis spectra were taken on a UV-vis spectrophotometer (Agilent Cary 50).
Kinetic growth assays of E. coli in the lag phase. Escherichia coli strain DH5a (Thermo Fisher Scientic) transformed by plasmids pOEGFP2, which carry ampicillin resistance and EGFP genes, were grown in lysogeny broth (LB) medium (EMD Millipore) containing ampicillin (G-Biosciences, 100 mg mL À1 ) for overnight at 37 C in an orbital shaker at 250 rpm (Thermo Scientic). Note that the plasmid pOEGFP2 was used to avoid contamination and for convenience verication using green uorescence. On the second day, the overnight culture was diluted in LB medium so that the OD 600 reached the predesigned values. The OD 600 values of the bacterial culture were measured using a Nanophotometer C40 (Implen Inc.) with LB medium as the blank. 24 Briey, E. coli strain DH5a with pOEGFP2 were grown in LB medium containing 100 mg mL
À1
ampicillin for overnight at 37 C in an orbital shaker at 250 rpm.
On the second day, the overnight culture was diluted to OD 600 ¼ 0.05 in fresh LB medium and incubated at 37 C again until OD 600 reached 0.3-0.5. The new culture was diluted in 5 mL fresh LB medium to reach OD 600 ¼ 0.005, followed by adding AgNPs or Ag ions (in the form of AgNO 3 ) at pre-designed concentrations. At different time points (0, 1, 2, 3, 4,. hours), 100 mL of the newest culture was withdrawn to make dilutions in fresh LB medium, 100 mL of which was plated on LB agar plates containing ampicillin (ampicillin was used in agar for positive selection). The plates were incubated at 37 C overnight and the colonies were counted manually. Three or more replicates were performed for CFU assays. Determination of the concentration of Ag ions released from AgNPs in different media. The concentrations of dissolved Ag ions from AgNPs were determined following the previously reported centrifugation method. 36, 37 Briey, 10 mL of AgNPs at 0 (negative control), 10, 20, 40 
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With unlimited resources, k is a constant and the growth of the bacteria is exponential. 38 However, under our experimental conditions where growth medium is limited, the growth rate k depends the cell number or cell density, k ¼ kðnÞ
where k 0 is the initial growth rate, and A is the asymptotic cell density. 38 The equation of the bacterial growth becomes dn dt ¼ k 0 1 À nðtÞ A Â nðtÞ, resulting in a logistic growth curve,
At t ¼ 0, the cell number starts with n 0 , while as t / N, the cell number approaches the asymptotic value A.
38 Note that the cell number is equivalent to the cell density or approximately the OD 600 readings, [39] [40] [41] and thus the OD 600 values of a bacterial culture and the cell density follow the same equation (eqn (1)).
To account for the antimicrobial activity of AgNPs and Ag ions, we modelled that E. coli were knocked into a suppressed state, S, upon the addition of Ag (in the form of AgNPs or Ag ions). The treated bacteria went through two possible pathways: some bacteria are killed (into the dead state, D), while some bacteria adapt to the new environment, wake up and go back to the active state (A). Aer waking-up, the active bacteria then undergo the normal cycles of growth and reproduction. We refer to this model as the Suppressed-Active-Dead (SAD) model. The general idea of our model is that bacteria might develop adaptation to the new Ag-containing environment. Similar ideas of acclimation have been developed to model the lag phase of bacterial growth. [42] [43] [44] In addition, a previously reported active but nonculturable (ABNC) state 45 provides a possible biological account for the S state in our model.
Next, conversions between the three states (S / A and S / D) were introduced into the model. If n a , n s , and n d are the numbers of cells in the active, suppressed, and dead states, respectively, then the SAD model can be quantitatively described by the following differential equations
where a is a killing rate from the suppressed state to the dead state, and b is a wake-up rate from the suppressed state to the active state. This SAD model was solved numerically using the Python programing language to calculate/predict the number of cells in the three states as functions of time. The predicted OD 600 -based growth curves and CFU-based time-kill curves were obtained by plotting n a + n s + n d vs. t and n a + n s vs. t, respectively.
Results and discussions
Synthesis of AgNPs
The AgNPs used in this study were synthesized by the polyol method in which Ag precursor was reduced by EG using PVP as the capping agent 35 as illustrated in the reaction scheme (Fig. 1A) . The synthesized AgNPs were imaged using TEM, showing an average size of 39.5 AE 10.7 nm (Fig. 1B) . The size distribution was plotted in the Fig. 1C by analyzing the TEM image, indicative of two size population at averages of $30 and $50 nm, respectively. The shapes of the nanoparticles were irregular with some spheres, short rods, and tetrahedrons. The hydrodynamic diameter of these nanoparticles measured by DLS in aqueous solution was 69.0 nm on average with the polydispersity index (PDI) of 0.327. The DLS measurement may not accurately reect the size of these irregular nanoparticles because the method assumes that the nanoparticles were spherical in shape; however, the relatively high value of PDI indicates the sample was polydispersed, which agreed with the analysis of the TEM result. The concentration of Ag in the aqueous stock solution was measured by atomic absorption spectroscopy to be 2.5 Â 10 3 ppm (mg mL À1 ). Ag. The zeta potential was measured to be À8.50 mV AE 2.04 mV, indicating that PVP-capped AgNPs are slightly negatively charged in agreement with the literature report.
Suppressed growth of E. coli by AgNPs or Ag ions via lag-time elongation
We rst conrmed the antimicrobial activities of AgNPs against E. coli as reported in the literature by kinetic growth assays and CFU assays, both of which have been extensively used for investigating the antimicrobial activities of AgNPs and Ag ions. 2, 3, 9, 10, 13, 15, 18, 20, 24, [47] [48] [49] [50] [51] In the kinetic growth assays, the concentrations of bacteria in the liquid cultures (i.e., OD 600 ) were monitored. In the rst 12 hours (with an initial OD 600 ¼ 0.05), AgNPs at 40 mg mL À1 were able to completely suppress the growth of the E. coli ( Fig. 2A) . At lower concentrations (20 or 30 mg mL À1 ), the growth of the bacteria was inhibited initially but then started off at a later time (Fig. 2A) ; and no obvious effect was observed for AgNPs below 10 mg mL À1 ( Fig. 2A) . In addition to the kinetic growth assays, the suppression of the growth of E. coli by AgNPs or Ag ions was also conrmed by CFU assays as shown in Fig. S1 . † These observations are consistent with most previous reports. 2, 12, 13, 24 It is noted that the OD 600 reading of the growth medium was enhanced by the addition of AgNPs ( Fig. 2A  and 2B ). This is expected because of the long tail of the absorbance spectrum of the AgNPs (with a peak around 400 nm, Fig. S2 †) . It is worthwhile to mention that, although it has been a standard protocol to correct the growth curves with AgNPs by subtracting the OD 600 readings of abiotic AgNPs solutions (i.e., AgNPs in media but without inoculation), 36, 50 the presented data in this study (Fig. 2) were "uncorrected" to emphasize the necessary of complementing the growth curve measurements with CFU assays, and to highlight how this effect brings difficulty in determining the MIC of AgNPs for bacteria. First, as MIC values are dened by checking the "visible growth" of bacteria in the presence of antimicrobial agents, 52 the opacity of the culture due to the presence of AgNPs interferes with determining whether there is any visible growth. In addition, growth assays for bacteria with AgNPs at very high concentrations ($100 mg mL À1 ) is practically difficult as the OD 600 value of AgNPs at 100 mg mL À1 approaches to 1.5. This high optical density is close to the maximum OD 600 readings ($2.0) of E. coli in typical kinetic growth curve assays (Fig. 2) , and it compromises the measurement range of typical photometers. On the other hand, we note that the kinetic growth curve assays are practically more convenient and efficient than CFU assays. More importantly, the growth-curve assays are better to represent chronic exposures to Ag, which could be useful in clinical applications.
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It was observed that, aer 12 hours of suppression, E. coli with AgNPs at 40 mg mL À1 grew again, which indicates that the commonly dened MIC for the E. coli under the described experimental conditions is above 40 mg mL À1 , consistent with some of the previously reported MIC values. 13, 53, 54 The OD 600 value of this sample reached its asymptotic value before 30 hours (Fig. 2B) , while the asymptotic value was similar to that of the wild type and the samples with AgNPs at lower concentrations (Fig. 2B) . Simultaneous control experiments ruled out the possibility of any contamination. Therefore, it is likely that the suppression on the growth of E. coli by AgNPs is only transient under these experimental conditions. In addition, we explored whether the transiency of the antibacterial effect of AgNPs is unique, by measuring the kinetic growth of the same bacteria with Ag ions in the growth medium (provided from AgNO 3 ). Silver ions have been reported to cause DNA condensation and inactivate certain proteins in bacteria. 45, 55 We performed the same growth-curve measurements on the same bacteria with AgNO 3 at various concentrations (0, 1, 2, 5, 7, 10 mg mL À1 ). The antibacterial effects of Ag ions were detected in our experiments (Fig. 2C ). More importantly, we found that, similar to AgNPs, the suppression of bacterial growth by the Ag ions is also transient with AgNO 3 in the media at concentrations up to 10 mg mL À1 (Fig. 2D ): the bacteria that were completely suppressed in the rst 12 hours, but they eventually grew at later time points (Fig. 2D ). On the other hand, at higher concentrations of Ag ions ($30 mg mL À1 AgNO 3 ), no growth of E. coli was observed for up to 10 days. Interestingly, we found that the suppressing effect of AgNPs and Ag ions on bacteria is not through reducing the maximum specic growth rate of the bacteria. Instead, they elongated the lag time of the bacterial growth signicantly. This can be seen directly from the growth curves of bacteria shown in Fig. 2 . For example, in the presence of 20 mg mL À1 AgNPs, the suppression on the bacterial growth is obvious; however, the growth rate of the bacteria is very similar to that of the wild type (0 mg mL
À1
) or with lower concentrations of AgNPs (1, 5 and 10 mg mL À1 ) as shown in Fig. 2A and 2B . Similar results were observed for Ag ions: although 5 mg mL À1 Ag ions delayed the growth of the bacteria for at least 4 hours, the growth rate of the bacteria was not affected signicantly by the Ag ions ( Fig. 2C and 2D ).
To quantify these observations, we extracted the maximum specic growth rate (m m ) and the lag time (l) from the growth curves by tting them with the Gompertz model, 
A exp
As shown in Fig. 3A and B,
the maximum specic growth rates m m of the bacteria were the same (within error) with AgNPs or Ag ions at various concentrations in the growth media. In contrast, the lag time of the bacterial growth l increased signicantly as the concentration of AgNPs or Ag ions in the growth media went up ( Fig. 3C and  D) . In addition, it was found that the elongation of the lag time increased quickly as the concentration of AgNPs or Ag ions goes up: the dose dependence of the lag time can be tted quite well with quadratic functions (Fig. S3 †) . Furthermore, it is worthwhile to point out that a previous study on the effect of some antibiotic drugs (ciprooxacin, tetracycline, etc.) on E. coli showed that the maximum specic growth rate of E. coli decreases as the concentration of the antibiotics increased while the lag time did not change signicantly. 40 The difference between our results with AgNPs and the previous experiments with antibiotics indicates that the antimicrobial mechanism of AgNPs and Ag ions is possibly not the same as that of those antibiotic drugs.
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It has been controversial regarding the roles of AgNPs vs. Ag ions released from AgNPs in the antimicrobial activity of AgNPs. 22, 36, 50, 56 To address this question, we determined the concentration of Ag ions released from dissolution of AgNPs in both water and LB growth medium. We measured that the dissolution percentage of our PVP-coated AgNPs ranges from 0.3% to 1.4% in LB growth medium, and from 0.4% to 2.7% in water (Table S1 †) . The values are consistent with the range of typical values (<10%) reported previously. 36, 37, 50, 57 The low concentration of dissolved Ag ions in the AgNPs solutions, <0.3 mg mL À1 Ag ions (equivalently, <0.5 mg mL À1 AgNO 3 ), is likely to be responsible for why AgNPs showed lower toxicity than Ag ions in our experiments (Fig. 2) . On the other hand, based on the growth curves in the presence of AgNO 3 (Fig. 2) , the concentration of dissolved Ag ions is too low to result in any signicant suppression on the bacterial growth by the dissolution of AgNPs alone. Therefore, our data indicates that particle-specic effects are likely to play a role in the toxicity of our PVP-coated AgNPs. This observation supports the conclusions from ref. 36 and 56, but is in contradiction to ref. 22 and 50.
Killing of E. coli by AgNPs
Time-kill curves 52,58 of E. coli by AgNPs were performed based on the CFU assay to determine whether E. coli were killed by AgNPs. CFU assays were performed for E. coli upon the addition of AgNPs at nal concentrations of 0 (negative control), 10, 40 and 80 mg mL
À1
. Decreased CFU counts, which were proportional to the number of live bacterial cells, were observed in the rst few hours (Fig. 4A) . The CFU counts for bacteria treated with 40 mg mL
AgNPs decreased from 9.5 Â 10 5 per mL to 1.6 Â 10 5 per mL in two hours, indicating that more than 83% of the E. coli were killed. The killing percentages were 88% and 28% for AgNPs at 80 and 10 mg mL
, respectively. Therefore, AgNPs in the growth media were able to kill a fraction of E. coli. In addition, we noticed that the kinetics of bacterial killing is roughly a straight line in the log-linear plot (dashed line in Fig. 4A ), indicating that the killing process by AgNPs and Ag ions in short time scales could be described by a simple differential equation
, where a is a parameter quantifying the killing rate of the antimicrobial agents. The killing rate a can be estimated experimentally from the initial portion of the time-kill curves, which was presented in Fig. 4B . Under our experimental conditions where the concentration of AgNPs ranged from 10 to 80 mg mL À1 , the killing rate was roughly independent of the concentration of AgNPs (Fig. 4B) . Therefore, we combined the data for AgNPs at different concentrations and tted them with a single curve, ln n(t)¼Àat + c, which yielded a ¼ 0.77 AE 0.10 h À1 . The R 2 value for the tting over the combined data is 0.89, indicating that the use of a single killing rate is reasonable (Fig. 4B) . It is also noted that the exponential growth phases (i.e., the increasing portions of the curves) were shied to the right in the presence of AgNPs (Fig. 4A and S1C †) , which indicated the time for preparing the bacteria to grow exponentially was longer in the presence of AgNPs than without AgNPs. In other words, the apparent lag phase was elongated due to the addition of AgNPs, consistent with our observations from the kinetic growth assays ( Fig. 2 and 3 ).
Halted growth of E. coli in the exponential phase by AgNPs or Ag ions
The kinetic growth assays showed that the growth of E. coli was suppressed by AgNPs or Ag ions via elongating the lag time, instead of changing the maximum specic growth rate. The experiments were done for E. coli in the lag phase (OD 600 was typically 0.05). An interesting question is whether Ag is able to halt the growth of bacteria that are not in the lag phase (e.g. the exponential phase). To address this question, we performed similar kinetic growth curve experiments but AgNPs or Ag ions were added to the E. coli culture when the OD 600 values reached $0.5. As AgNPs has light absorptions at 600 nm (Fig. S2 †) , sudden jumps in the OD 600 readings of the samples were observed upon the addition of AgNPs (Fig. 5A) . It was observed that the growth of E. coli slowed down, as the slopes became atter, which could be clearly seen aer removing the contribution of AgNPs to the OD 600 values by subtracting OD 600 readings at the addition time of AgNPs (Fig. 5C) . Therefore, the growth of bacteria in the exponential phase was halted in the presence of AgNPs. Similar results were observed aer the addition of Ag ions to E. coli in the exponential phase. As shown in Fig. 5B and D, the growth of E. coli was completely halted for >10 hours if the concentration of Ag ions is high enough ($20 mg mL À1 ).
We note that the counts of colonies in CFU assays dropped down signicantly in the time-kill curves when the bacteria were treated with Ag (Fig. 4) , but the OD 600 values in the kinetic growth curves did not decrease signicantly upon the addition of AgNPs or Ag ions (Fig. 5) . The discrepancy is due to the difference on what exactly the two assays measure. In the CFU assays, only the live bacteria appear as colonies that are counted. In contract, OD 600 readings do not distinguish whether the bacteria are alive or dead. As long as the bacterial cells are not lysed, they contribute to the measured OD 600 values. Therefore, the observed discrepancy indirectly indicates that most of the bacteria killed by AgNPs or Ag ions were not lysed, which is consistent with a model proposed by Zhou et al. 24 and other studies using TEM imaging and X-ray microanalysis.
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A plausible quantitative model on the antibacterial activity of AgNPs and Ag ions
We aim to develop a quantitative model in order to promote our understanding on the antimicrobial activity of Ag ions and AgNPs. The model needs to satisfy all the observations from the kinetic growth assays, CFU assays and time-kill curves: (1) the growth of bacteria was slowed down by elongating the apparent lag time (l) while keeping the maximum specic growth rate m m unaffected; (2) some of the E. coli in the culture were killed by Ag, and the killing rate was roughly independent of the concentration of AgNPs, while the percentage of survivors decreased at higher concentrations of AgNPs; and (3) the growth of E. coli in the exponential phase could be partly or completely halted upon the addition of Ag.
Our developed model, termed as the Suppressed-Active-Dead (SAD) model, was described in the Section of Materials and Methods, and shown in Fig. 6A . We solved the SAD model was solved numerically, and it turned out that the SAD model predicted all the key features in our observations of the aforementioned several types of experiments. For example, several examples of growth curves of E. coli with different wake-up rates b, but with a constant killing rate a, were shown in Fig. 6B . Note that all the bacterial cells (n OD ¼ n a + n s + n d ) were included for plotting the growth curves, as all of them contributed to the OD 600 readings, assuming the dead cells were not lysed. The shape of the growth curves in our model was sigmoid, the same as the logistic function of the "wild type" (eqn (1), blue curve in Fig. 6B ). Second, it was observed that the exponential growth phases were basically parallel to that of the "wild type" for all the different wake-up rates, indicating that the maximum specic growth rate m m was neither affected by the introduction of the suppressed state, nor by the wake-up rate b. In contrast, the lag time was extended in the SAD model, and the lag time extension was longer for smaller wake-up rates, which presumably correspond to higher concentrations of Ag.
In addition, our SAD model reproduced the time-kill curves based on CFU assays, as shown in Fig. 6C , where the numbers of live bacterial cells (active or suppressed, n CFU ¼ n a + n s ) were plotted as a function of time with various wake-up rates. The CFU counts from our SAD model decreased in the rst few hours and then went up, exactly the same as our experimental observations (Fig. 4A) . Furthermore, it was shown from the model that the turning point moved lower vertically and the effective killing time became longer for smaller "wake-up" rates (corresponding to higher concentrations of silver), both of which are consistent with our experimental time-kill curves (Fig. 4A) . Interestingly, although a constant killing rate (a) was used to predict the time-kill curves, the killing rates appeared to be slightly different (orange curve vs. purple one in Fig. 6C ). Therefore, although the measured decreasing slope for AgNPs at 10 mg mL À1 (green squares in Fig. 4A ) appeared to be different from that for the AgNPs at 40 mg mL À1 (blue triangles in Fig. 4A ), it is not necessary to assume different killing rates under our experimental conditions. On the other hand, we point out that, in general, the killing rate is expected to depend on concentration of Ag, as well as the physiochemical properties of AgNPs such as the size, shape and surface modications. Moreover, the experimental results of halted growth of E. coli in the exponential phase due to the addition of AgNPs or Ag ions could be predicted from our SAD model. For the prediction, the bacterial population was rst calculated according to our SAD model with an initial condition that all the bacteria were in the active state. When the OD 600 reached 0.5, Ag was added to the culture virtually by forcing all the bacteria to go into the suppressed state. Then the cell density of the culture (n OD ¼ n a + n s + n d ) was calculated again as a function of time according to the SAD model. As shown in Fig. 6D , our SAD model accurately predicted the halted growth of the bacteria: with smaller wakeup rates (or equivalently higher concentrations of Ag) the growth of bacteria became slower or halted. Again, the prediction of the SAD model is consistent with our experimental observations (Fig. 5) .
Our model also predicts that the bacteria halted in the exponential phase would resume to grow with the same growth rate aer they wake up (Fig. S4A †) . To verify this prediction, we repeated the experiments in Fig. 5 for a longer time: the growth of bacteria with Ag ions added in the exponential phase (10 mg mL À1 AgNO 3 ) was monitored for 36 hours. It was conrmed that, aer a long lag time, the bacterial culture resumed growth with the same specic growth rate m m as the control (Fig. S4B †) , consistent with our prediction (Fig. 6D and S4A †).
It is worthwhile to point out that our SAD model encompasses both bacteriostatic and bactericidal effects of antimicrobial agents. Note that although the denitions of "bacteriostatic" and "bactericidal" seem straightforward (i.e., inhibiting vs. killing), the two pure categories of antimicrobial agents do not exist in reality:
52 bactericidal drugs usually fail to kill every single microorganism within 24 hours, and most socalled bacteriostatic drugs do kill some bacteria within 24 hours. 52 The practical difference between the two categories lies mainly on the quantitative side (i.e., below or above 99.9% killing). In principle, our SAD model can predict both bactericidal and bacteriostatic effects by tuning the two parameters, a and b. If a were high enough, the antimicrobial effect would become bactericidal; if b were high enough, the effect would be bacteriostatic. In addition, it is expected that the SAD model can be extended to more complicated models to account for the existence of persisters, which are a small fraction of quiescent bacteria (i.e., the suppressed state in our SAD model) that survive and regrow.
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Determining the wake-up rate in the SAD model experimentally
In our quantitative SAD model, the antimicrobial activity of AgNPs or Ag ions is characterized by two parameters: the killing rate a and the wake-up rate b. While a has been estimated from the CFU assays (Fig. 4) , here we determined the wake-up rate from measured kinetic growth curves (Fig. 2) .
As discussed above, although the killing rate a is expected to depend generally on various factors, it can be treated as a constant under our experimental conditions. Therefore, in this study to avoid over-tting, we assumed a constant killing rate when estimating the wake-up rate b from measured kinetic growth curves (Fig. 2) . Another rationale behind this assumption is that changing the killing rate alone predicted that the turning points move towards lower le (Fig. S5 †) , conicting with experimental data in which the turning points shied towards lower right (Fig. 4A) . Therefore, we conclude that the wake-up rate is the major effecting parameter under the current experimental conditions.
The idea for estimating the wake-up rate b is to optimize it in the model (eqn (2), with a xed at 0.77 in the presence of AgNPs) such that the predicted growth curves from the model matches the measured ones. The optimization process is similar to curve tting through least-square regression, i.e., by minimizing the It is possible to determine the dependence of the wake-up rate on the concentration of AgNPs in the growth media by estimating the wake-up rates b for each and every measured growth curve for E. coli in the presence of AgNPs at different concentrations. Note that each growth curve was "tted" (Fig. 7C) . The negative slope, k s , indicates that AgNPs at higher concentrations would result in longer lag phases, consistent with our experimental measurements (Fig. 3) . We note that, in a previous model, based on energy ux, for the toxicity of metal-based nanoparticles, a parameter termed as the target acclimation energy density was responsible to characterize the dynamics of bacterial acclimation to new environments, 42, 43 and thus relevant to our wake-up rate b. Our results that b depends on the concentration of AgNPs indicate that the target acclimation energy density in the models by Klanjscek et al. 42, 43 is likely to correlate with exposure to AgNPs.
Similarly, we determined the dependence of the wake-up rate b on the initial concentration of E. coli, OD 0 600 . For this purpose, we performed kinetic growth assays for E. coli with a constant concentration of AgNPs (20 mg mL À1 ) but different initial concentrations of the bacteria. We observed that the growth curves were shied to the right at lower initial bacterial concentrations (Fig. S6 †) . Fitting of the growth curves showed that the maximum specic growth rate didn't change much for different OD 0 600 ( Fig. S6 and S7 †), but the lag times increased when the initial OD 600 of the bacterial cultures decreased (Fig. S6 and S7 †) . These experimental results could be reproduced qualitatively using our SAD model (Fig. S8 †) . More importantly, we obtained the wake-up rates at varying OD 0 600 values from this set of growth curves as described above. Interestingly, the logarithm of the wake-up rate is again roughly linear, ln b ¼ k d Â OD initial bacterial concentrations would result in longer lag phases, consistent with our experimental measurements (Fig. S7 †) . Taking together, we obtained that the wake-up rate was approximately exponential to the concentrations,
or,
where b 0 is a constant factor. A caveat to point out is that the dependence of the wake-up rate on the two concentrations [AgNP] and OD 0 600 is not necessarily valid at higher concentrations, as it is not obvious how the dependence can be extrapolated.
The dependences of the wake-up rate on the concentration of AgNPs and initial concentration of bacteria in the culture provided us an additional way to verify our SAD model. This is because both dependences are from eqn (4) but they are from two independent sets of kinetic growth curves (varying [AgNP] vs. varying OD 0 600 ). By comparing eqn (3) and (4) 
Plugging in the measured values, we found that the le hand side of eqn (7) is q s À q d ¼ 9.8 AE 1.1 and the right hand side is 0.05k d À 20k s ¼ 10.1 AE 0.7. Therefore, both sides of eqn (7) are indeed the same (within error), which strongly justies the SAD model.
We also note that the exponential dependence of b on the concentration of AgNPs in this study was supported by experimental results reported by others previously. 11, 22 Using the measured relation between b and [AgNP], the SAD model produced a sigmoid relation between the killing percentage of bacteria and the concentration of AgNPs (Fig. S9 †) , qualitatively consistent with the experimental results by Xiu et al.
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Conclusions
To conclude, we investigated the antimicrobial activity of AgNPs and Ag ions on the growth of E. coli using kinetic growth assays and CFU assays in combination with quantitative modeling. Kinetic growth assays showed that the presence of AgNPs or Ag ions in the growth media slowed down the growth of E. coli by elongating the apparent lag time (l) while keeping the maximum specic growth rate m m unaffected. On the other hand, time-kill curves based on CFU assays showed that some of the E. coli in the culture were killed by Ag. Based on these experimental results, a quantitative model (referred to as the SAD model) was developed to describe the antimicrobial activity of AgNPs and Ag ions. This model explained the experimental observations very well, providing a plausible description of the antimicrobial activity of AgNPs. In addition, we showed that the parameters of the SAD model (the killing rate a and the wake-up rate b) could be determined from the experimental data. Furthermore, we estimated the dependences of the wake-up rate b on the concentrations of AgNPs and bacteria experimentally. Our quantitative model provides an alternative way to characterize the antimicrobial activities of AgNPs and Ag ions, other than the commonly used MIC and minimum bactericidal concentration (MBC).
Our model provides a phenomenological description and quantication of the antimicrobial activity of AgNPs and Ag ions. The model by itself does not explain how the bacteria were knocked out into the suppressed state by the AgNPs or Ag ions, or what is the suppressed state on molecular basis, or how the bacteria adapt to AgNPs and "wake up" to multiply again. On one hand, it is expected that our model can be extended by integrating mechanistic modeling of the toxicity of AgNPs and Ag ions. For example, the models by Klanjscek et al. 42 ,43 based on energy ux provide a plausible direction. On the other hand, to answer these mechanistic questions, further experimental, mechanistic investigations at single cell and single molecule levels are required. Several studies in the literature using TEM and X-ray microanalysis showed that bacteria were not lysed by AgNPs or Ag ions; 3,24,55 instead, the AgNPs or Ag ions caused condensation of DNA, lowered expression level of proteins, aggregation of proteins, or other physical changes.
3,24,55 These observations indirectly support our hypothesis of the suppressed state, and indicate the possibilities of bacterial adaptation to AgNPs in the growth medium and the reactivation of the bacteria. To elucidate the molecular mechanism of AgNPs and other metal nanoparticles on bacteria, recent emerging super-resolution uorescence imaging on live single cells at the molecular level 60-65 might be of great help in the future. Additionally, we emphasize that the killing and wake-up rates in our model generally depend on the physicochemical properties of AgNPs such as size, shape, and surface modica-tions, which have been shown to play a role in their antimicrobial activities. 2, 12, 15 We expect that our model is ready to take into account various physicochemical properties, and thus applicable to a broad range of metal nanoparticles and ions. Systematic future investigations will address these aspects.
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